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NeutronInterferometryinNon-InertialReferenceFrames
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ThephaseshiftofaneutronmanmterferometercontainingumibnnlyacceleratmgmallerissmdiedtheoreticallyUsmg
semiclassical techniques.Bothaneutronsourceatrestandanmertialsourcemstantaneouslycomovmgwithaslabof
matterareconsidered,andtheresultsarecomparedwiththoseobtainedassumingaconstantgavitational fieldinthe

samegeometry. ItisshownthattheinterferometricphasedifYErenceisdependentonthepositionofthemattermthe
mterfbrometerandvelocitVofthematterrelativetothe interibrometerat thetimetheneutronisdetected.Two

consequencesofthisconclusionare:(1)thephasediflerencemeasuredbyanmterferometerconta皿ngsamplesofmatter
ofdifYEIingtypesthatareacceleratingormagavitationalfieldwillapparentlybeaflbctedbyUleorderofthesamplesdue
totheposition-dependenceofthephaseshiftcausedbyeachsample,and(2)fbrmatteracceleratmgmanmterferometer
atrestthephasedilYerencewillbetme-dependent.ExpermentsdesignedtomeasuretheseeiIEctsaredescribed
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slabofmatterinthetwosubbeamsoftheinterferometer.

Bothexperimentsagreedwiththeequivalenceprincipleto

within a fewpercent, but later, more precise

measurements'0''')ofthegravitationallyinducedquantum
phaseshifihaveshownsomeinにresUngdiscrepanciesat

thelpercent level. Neitherexpenmentwassuniciently

precisetomeasurephaseeHもctsduetoapparentcouplings

betweengravity(oracceleration)andtheopticalpotential
ofthematerialslabortodetecttermsbeVondthefirstorder

ing. IthaSbeenrecentlysuggested'3)thattheequivalenCe
principlemaynotholdinhigherorderfbrtheseeHEcts. It
isthecalculaUonandmalsllrementoftheseeHectsthatis

thegoalofthiswork.
Inorder tocomparetheeHEctsofaccelerationand

gravityiweconsiderthesimpletheoretical intenerometer

showninFig.1,consistingofasourceemiUingapamcle

withinitialkineticenergyaandmomentumpo=ルルb in

thesourceframe,aslabofmaterialwithconstantoptical

pOtential[ﾉbandtmcknesSdinpathlloftheinterferometer>

andadetector. Inordertoneglectanytimetheneutron

Oneofthefilndamental conceptsofphysics is the

equivalenceprinciple-theideathattheeHectsofgravity

andaccelemUononthetrajectoryofaclassicalparticleare

locallyindistinguishable. Intherealmofclassicalphysics,

expenmentshaveverifiedthevalidityofthisideatoveIy

mghprecision.． ．ision.') Awaytostatetheanalogous ideafbr
quanmmmechamcsisthatthewavefimctionofaquantum

mechanicalsysteminaunifbnngravitationalfieldgis

indistinguishablefTomthatofthesamesystemunifbnnly

acceleratedwithaCCeleration-g.ASthewavefilnctionisin

generalcomplex, itmaybewnttenastheproductoftwo

fimCtions, arealprobabiliWamplimdeandacomplex

phase・ Ithasbeendemonstraにdthat theprobability

densityof neutrons intheEalth'sgravitational field

fbllowsthesameparabolictrajectoryasaclassicalparticle

ofthesameinertialmass,2)establismngtheequivalenceof
inertialandgravitationalmasswithregardstoquanmm

mechamcalprObabilityamplimdeswithanuncertaintyof3

panSinlO4.
Thequestionof theequivalenceof gravityand

accelerationonquanmmmechamcalphaseismoresubtle,

asthephaseofaparticlehasnoclaSsicalanalog・ SinCe

detectors inquanmmmechamCalexperiments involving

massiveparticlesareparticledetectorsandthusmeasure

probabilitydensities,thephaseisnotdirectlymeasurable.

It is, howeveL indirectly accessible inthe fbrmof

interferometncphasediHerencesashavebeenobseIvedfbr

neutrons,3) electrons,4) atoms,5) andmore recently>
molecules.6) Since thequanmmmechanical phase is
observableonlyinthefbnnofphasediferences, itisthe

enects ofgraviWandaccelerationon thesephase

dinerencesratherthanontheabsolutephaseofthewave

fUnctionthatonewouldexpecttobeindistinguishable.

ForneutrondeBrogliewaves,thephasediferencedueto

graviWhasbeensmdiedbytiltingasiliconperfectcIystal
interferometeratvariousangleswithrespecttotheEarth's

surfaceinasenesofexperiments､7~'')Simlarly, thephase
shinduetoconstantacceleraUonhasbeenmeasuredbV

drivingasimlarneutroninteIferometersinusoidallyand
takingdatastroboscopicallyattheendpointsofthemotion

fbrvariousfrequencies’'2)InbothoftheSeexperimentsthe
phaseoftheinteIfbrogramwasdetenninedbyrotaUnga
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Figurel.Aschematicdiagramofthetheoreticalinterftrometer

geometryusedincalculation.Thisgeomet,yallowscurvature
efYbctstobeneglected.
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lgnorcscsscnllalphysiCS. Whenlhcnculronenにrsthe
acceleratingslab,itsfrequencyisDopplershifiedduetothe

moUonoftheslabboundalyiandwhenitexitsitisagain

Dopplershiftedashasbeendiscussedpreviouslyinthe
literamreindisc''RRionsoftheneutronFizeaueHect. 'e'9)

However,theseDopplershiiisdonotexactlycancelhereas

theydofbrtheFizeaueHect,sincethespeedoftheslab
boundaIVwhentheneutronexitstheslabisdinerentfrom

thespeedwhenitentered. ThisdiHerencewillmanifeSt
itselfinhigherordersintheopticalpotentialasalossof
interfbrencecontrastandadependenceofthephaseonthe

positionofthedetector. Thisassumesthattheneutronis
onlyamectedbythemotionoftheboundariesofthesample,

notbythemotionofthenucleicomprisingthesample.

ThesituaUonofaunifbnnlyacceleratingMach-Zehnder

interferometerinconjunctionwithbothacomovingandan

ineltialsourcehasbeendiscussedpreviously.20)Although
thegeometlyconsideredandthemethodofcalculation

useddiHer,thispreviousworkalsoshowsthatacceleration

ofonecomponent of thesystemrelative toanother

introduces a time-dependence into the measured

interferometncphase.

IfthephasediHerencesgivenbyeqs.(1)and(2)are

expandedinaTaylorseries,pemUssiblebythesamesmall

opticalpotentialandaccelerationwhichenabletheuseof

semclaSSiCalmethods､bothcontaintennsproportionalto

[ﾉb"19.Thesetennswerefertoas"couplingにrms".Iftwo
slabsSlandS2ofdiHEnngmaterialareplacedinonepath
ofanintererometerinanvofthesituationsdescribedin

thispaper,thephaseshifimeasuredwillvarywiththeorder

oftheslabs(firstSlthenS2,orfirstS2thenS1)dueto

thesetenns.Thisnon-commutativeemectissurprisingand

hasnotyetbeenobservedexperimentally.

The reasonfbr thisapparent couplingbetweenthe

neutron-nuclearopticalpotentialandgraviWcaneasilybe

seenfromthequadraticfbnnofthedispersionrelationfbr

theneutron・Thespatially-dependentindexofrefracUonof

aneutrontraversingaslabofmatterpermeatedbythe

gravitaUonalfieldis

spendsUavellnghorizontallX山c laにral separallon

betweenpathslandIIisassumedtobenegligible.

InordertocalculatethesemclassicalphaseShjitintms

interfemmeterweintegratetheLagrangianofthesystem
along the classical subbeam trajectories in the
intelferometer'4''5) inthesourceframe.Wefirstcongider

thecaseofaumfbrmlyacceleraUngslabincoIliunction

withacomovingacceleratingsource・ InSteadoftreaUng

theLagrangianby infemngapoにntialbasedonthe

trajectolyfbranacceleratingsource(amethodwhich
essenUally assumes the equivalence principle) the

Lagrangian ismodifiedby theGalilean coordinate
う

gr-
tmnsfbnnationz'=z－－sothat thefreepamcle

2

"becomesZ,'="'(2'+gr)- inthe2 うmz m(2'＋gr)‐ intheLagrangianZ,=-becomesL'=
2 2

acceleratedframe.Althoughthismethodyieldsadinerent

answerfbrthephaseaccumulatedineaChpaththantlle

methodusingtheLagrangianequivalent tothatdueto

constantgraviUtheimportant,measurablequantity5 the

phasediHerenceisthesameandisgivenby
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wherezoisthepositionoftheslab. Thesolutionofme

time-dependent SchrOdinger equation (neglecting
renection)reducestothisexpressioniftheneutroniSfar
fromthetumingpointofitsclassical,parabolictrajectoly
intheacceleratedframe.

Thecaseofanacceleratingslabinabeamproducedbya
sourceatrestismorecomplicated,andsoistreatedonlytoマ
leadingorderintheopticalpotential[ﾉb. Iftheposinonof
theslabinthesourceframeasahmctionoftime is

z,&gi'｡thephas｡…側"“

｜('等(畠､､竿､4)、
k｡Ub

A①＝

腕g

l ,”('-¥(量.ゞ朝％）gb

％

（1 "湾‘ ｡，"(z)=

or

"(z)三,一[/b+"'gz U:+2[ﾉ0"'gz+(mgz)､
2eb 8ef

（4）

tosecondorderinthepotentialenegy. Thus, thephase

shift,

I"｡"(秘，A①＝ (5）

containsatennproportionaltoUo"Igzthatwerefertoasa
“

coupling tenn''. Tbdatecoupling tenn． Tbdate、 neutron interferometry

experimentshaveonlybeensensitivetothelinearterms.

Anexperimenttomeasurethephaseshifiduetothe

apparentcouplingofthegravitationalandneutron-nuclear

opticalpotennalsseemsdiHicultatpresent. Suchan

experimentisdescribedinFig.2. Twoidenticalslabsof

matterareplacedsothatoneisinthehorizontalportionof

whereristhetimeatwhiChthepartiCleisemttedbythe

source(relatedb'geometrytoitstimeofdetection7).Note

thatwhilethisexpressionisvalidtothestatedordel; it
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sinusoidallyalongalinewithanamplitudeofmotionof
aboutlcmandafrequenqﾉrangingfromOto30Hzby
meansofasteppermotorattachedtoapairofcrossedlinear

bearingswhiletheclystalinpathIremainsfixed.Thedata
arethencollectedbytime-ofnightmethodssynchronized

withthemotionofthefirstcrystal,andtime-dependent

interferogramswillbemeasured.Athinalumnumphase
nagwillbesettomaximizetheamplimdeofthetime-
dependentphaseoscillations. Theexpression(2)fbran
inertialsourceandanacceleratingsampleofmatterwillbe

teSにdagainst thedataatUmescorrespondingtothe
mmngpointSofthemotion.
SincethereareidenticalslabsinbothpathS,therewillbe

nolossofcontrastdue tolongimdinalcoherencelength
eHects.2') Thesiabsshouldhavenoenectonthephase
diHerenceexceptthoseintroducedbythemotionoftheslab

inpathll. 'Ibtheanticipatedresolutionofthisexperiment
thisphasediHerenceisproportional tothedinerencein
Umewhichtheneutronwouldspendineachslabol;

equivalently,thedimerenteHectivethicknessesoftheslabs.
The timedependent phase shiit expectedcanbe

calculatedfbrthewholeperiodofoscillaUonbythesame

tecmiques． Ⅱthepositionoftheslabinpathllasa

filnctionof time is zo+z4sinaX, then the resulting

intelferomemcphasediHerence is

“のUoSinUXi(T)
△①(刀＝ （6）ダ

ノiEbSin2aB

Figure2. Aschematicdiagramoftheexperimenttomeasure
thephaseshiftoftheneutronduetothecombinedactionof
matterandgravity.

where'listheamplitudeofmotion,のangularfrequencyof

oscillation,and&theBraggangleoftheinterferoIneter、

Thetimerj(7)isthetimeatwhichtheneutronentersthe

Slabinpathll,givenby
’

[z｡+4sioの,,(7)1"-¥',(乃=雌,釜＆ 鰍‘《
（7）

whereTisthetimeatwhichtheneutronisdetectedandZ,is

thepathlengthalongpathlIfromthefirstbladeofthe

interferometertothedetector.Hererineq. (2)corresponds
tometimewhentheneutronenterstheinterferometerat

pointA. Thisleadstoaninterferogramofthefbnn

｛"礁溌何≠卿1，
1 1

1(り=-+-CO
2 2

（8）

whereAistheonSetphasesetusingthealumnumphase

flag.ThispredictedinterferogramisillustratedinFi9.4fbr
anumberofdinerentfrequencies.

Since thephaseofthe interferogramisaperiodic
fimctionwiththesameperiodastheslabmotion, itcanbe

Fourierdecomposedintoharmonicsoftheslaboscillation
frequenqﾉ. Inthiswaythepredictedinterferogramfbrthis

experimentcanberewritten

Figure3.Aschematicdiagramoftheexperimenttomeasure
thephaseshiftoftheneutronduetotheaccelerationof
Inatter･

pathlandtheotherisinfirstpositionAandthenposition
Binpathllofanltedneutroninterferometer.Athinphase

nagisrotatedtogenerateinterferogramsandthephasesof
theinterfbrogramsobservedfbrtheslabatpositionsAand

Barecompared.Theslabinpamlisagainusedtoprevent

lossofcontrast.2')Evenconsideringtheoptimalsimation
ofusingourlargest interferometerandSlabsmadeof

cIystallinebelyllium(theelementwiththelargestthennal
neutronscatteringlengthdensity)2.5cmthick(halfofthe
interferometerblade separation), theexpectedphase

diHerenceasdetenninedusingtheWKBapproximationis

only0.2mrad・ Duetophasestabilityconsiderations,our

currentexpenmentalresolutionislimtedtoapproximately
lmrad. Furtherrefinementstotheexperimentalsetup,

suchasmanufactureofamuChlargerinterfbrometer,are

necessalybefbrethisexmrimentcanbeattempted.

Weal℃atpresentassemblingtheapparamsatMURRfbr

anexperiment totest thevalidityofeq. (2). The

experimentwillbeConfiguredas illustrated inFi9.3.

IdenticalsapphirecIystalslcmthickareplacedineach

pathinaLLLperfect siliconclystalMach-Zemder
neutroninterferometer. TheCrystal inpathll isdriven
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acccleratingslabas describedmlhis paper. The
equivalenceprinciple is satisfied theoretically to the
accuracyofthesemiclassicaltechniquesused.Ⅱ山esource

andtheslabarenotcomovingtheintelferometricphase

dinerenCeiSibundIobetime-dependent,aninleresting

kinemaUcaleHectumelatedtotheequivalenceprinciple.

PeriodiCmotionofaslabinonepathofaninterferometer

producesa time-dependent interferogramthatcanbe
decomposedintohannomcsoftheslabmoUon,suggesting
that the廿equencyoftheincidentbeamischilpedby

hannonicsofthefrequencyof theSlabmotiondueto
interactionwiththeslab.

ThisworkissupportedbythePhysicsDMsionofthe
NationalScienceFoundationthroughgrant#9024608.K.

LittrellreceivedaddinonalsupportthroughaUnitedStates
DepartmentofEducationGAANNFellowship.
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Figure4.Thetimedependentinterftrogramsfbrthe
experimetalarrangcmentofFig.3predictedbyeq.(8).The
ofnetphaseissctto-7V2tomaximizevisibilityatlow
frequency.
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RelativeStrengthSOfHarmOnics
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Figure5.Therelativestrengthsoftheharmonicsofのineq.(9).

TheofEetphaseissetto-7V4toequalizethestrengthsofthe
evenandoddharmonicsandtheamplitudesarenomalised.

'(I)-;-.i,伽璽山""(6")sin(2"+1)IZXi(7)

+COS伽停(6m)+Z農ﾙﾙ{D)c･sz""'|(rj"
(9）

where

4dUb
6＝ (10）

hebSin2aB

Forthedescribedexperiment,6=0.1173s.Therelative

strengthsofthevanoushannonicsasafimctionof

ftequencyisshowninFi9.5. Sincethestrengthsofa
hannomc component is related to the transition

prObabiliUesoftheneutrontostateswhereitsfrequency
hasbeenmodifiedbvthe2dditionorsubtractionofthat

亨

hannonicoftheoscillationfrequency,theexperimentalso

hasaninterpretationintennsofquasi-stationalystates22)
andphononexchange simlar to that ofthe recent

multiphotonexchangeeXperiment.23,24)
Thenonlinear fbnnofthe indexofrefractionfbr

neutrons leads toanapparentcouplingbetweenthe

neutron-nuclear optical potential and graviO' or

acceleraUoninthephasedigerencesmeasuredwitha

neutroninterferometer. Althoughsmall、 theseenects

shouldbevisible fbr aneutron interactingwithan




