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Arecentproposal todetenninetheamplitudeandphaseoftherenectioncoeincient inneutronspecularrenection

expermentsisgeneralizedanddiscussedwithregardtoitsapplicability. Itisshownthataphasedeterminationisonly

possibleifthemagleticreferencelayerissuiYicientlythin,otherwiseaveragmgduetothefiniteenergywidthofthebeam

willdestroythephaseinibmlation.
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referencelayerfbrpolarizedneutronshasbeenputfbrward

independentlybytwogroups.32'33) Sofarnoproposalhas
beenimplementedexperimentally.

Inthepresentpaperwediscussageneralmethodof

deternUmngtherenectionphaseusingpolarizedneutrons

andaknownexternalmagneticfield.Thesuperpositionof

themagneticinteractionoftheneutronandtheunknown

neutronoptical potential ofthe samplegenerates an
interferenCe tennwhichcontains infonnationon the

reflectionphase.Measuringtherenectivityofpolarized

neutronsfbrdiHerentmagneticfieldsprovidesasetof

correlateddatawhichallowstheseparationofthephaseof

thereflectioncoe伍cientinthesamewayasinthereference

layermethod. InfilcttherecentproposalofMaikrzaket

al.32)anddeHaaneta1.33) isaspecialcaseofthediscussed
scheme. Forthesuccessfillapplicationoftheprocedureit
isessentialtoresolvetheinterferencetenn. Therefbrewe

havestudiedtheinnuenceofthefimteenergywidthofthe

beamonthemeasuredquantities.

§.11ntmduction

Theanalysisofsulfacepromesbyx-rayandneutron

specular renection is ofscientifIc and technological
interest.1"I)HeretherenectiviO',measuredasafimctionof
thewavenumber9ofthe incidentbeam, isusedto

determine the scattering-lengthdensityprofileofthe

surfaceandthusthecorrespondingmatterdismbution.

Specular renection canbe fbnnulated as a one-

dimensionalquanmm-mechanicalscatteringproblem(Fig.

l)characterizedbythecomplex-valuedrenectionand

tmnsmissioncoe伍CientsR(9)andn9),respectively.The

determinationofthescatteling-lengthdensityprofilefrom

theknowledgeofR(9) is aparadigmofaninverse

scatteringproblemoriginallysolvedbyMarchenko.5)
Specific solutions applicable to specular renection

experimentshavebeengivenbyKay6)andlaterbyMoses
anddeRidder.7) ″ ．′
Althoughthefbrmal soluUonoftheone-dimensional

quanmm-mechamcal inversescatteringproblemhasbeen
knownfbra long time, applications andnumerical

solutionshaveonlyrecentlybeendiscussed､8-13)Themain
reasonfbrthisappearstobethefactthatknowledgeofthe

filllcomplexrenectioncoeHicient(modulusandphase)is

required inorder toobtainunambiguous inversion

results.'4.'6) Standardreflectionexperiments, however,
yieldonlythemodulusoftherenectioncoeHicientsand

consequendydonotallowextractionofsulfaceprofiles

uniquelywithout filrther infonnation(usuallyamodel

simulation). Tmsistheso-calledp/7"epro6/eﾉ〃known

fromdiHractionanalysis'7~20)whichhassofarprevented
themodel-independentanalysisofrenectiondata.

SeveralpapersdealingwiththephaseofR(9)have

appearedinthelastyears.'4-16'21-27)Focussingonneutron
specularrenecUon､wementionthreediHerent proposals

fbranactualphasemeasurement: i)Thereference layer

methodwhereonegains infbnnationontherenection

phaseviatheinterferencebetweenthereflectionsfroma

knownreference layerand the surfaceprofileunder

investigation;thismeUlodisusedinopticsbutcanalsobe

appliedtoneutronreflectivitymeasurements.28'29) ii)The
interferometricLloydismiragetechniquewhichallowsthe

detenninationofthereflectionphasefi･omtheintemerence

withacoherentreferencebeam29~3')iii)Themeasurement
ofthedwelltimewhichisrelatedtothereflectionphase.'4)
Recently,averypromisingschemeusingamagnetized

§.2.Renectioncoefficientibrl)olarizedneutrons
The specular renectionof low-energyneutrons is

describedbytheone-dimensionalSchrOdingerequation34)

(1）

inthecoordinatexperpendiculartotheplanarsurfaceof

thesample,where9istheperpendicularmomentumofthe

incidentbeamandI/(x) istheneutronopticalpotential

profile. Inthe fbllowingweassumethat thesample

extendsovertheregionx>0withitsreflectingsuriaceatx
=0,sothat I/(x)=0fbrx<0.Therenectioncoemcient

R(9)isthengivenby

9＋/γ(9)
R(9)=､/'(9)e''(9)= （2）

9－〃(9)

wherey(9) istheloganthmicderivativeoftheJost-type

wavehmction"x,･9)atx=0.

Ifweplace theexperimental set-up inanextemal
一

InagneticfIeldB(X) thepotentialactingonapolarized

neutronacquiresanadditionalterm

y(x)→y(x)+U(x) (3)
138



UniqueAnalysisofNeutronSpecularRenectionMeasurements 139

Thefimctionalbehaviourofthefie1dB(x)intherangeO

≦x≦αisarbitralybutkno11n､andallowsonetoevaluate

the(lefi, right) reflectionandtransmissioncoeHicients

"LJ?(q)andfLJ､9) fbrthemagnetic interactionalone
TheindiCeS(+)and(-)refertothepolarizationsq=+land

-1,respectively.Knowing"LR(9)andfL.R(9)itispossible

toexpressthetotalrenectioncoe伍cientR±(9)intermsof

the reflectioncoeficientR(9) fbr theneutronoptical

potential I/(x)alone,

凡(9)＝〃±(9)R(9¥)e3i･9¥+pf(9) （6）

1－砿(9)R(9¥)e2i｡9¥

1 a)

、娑王
V

→ X

a

A
b)

U(x)

U

with
← X

a

'zt(9)=rf(9)rF(9)－庵(9)"(9) (7）

Theserelationsaretobereadseparatelyfbrtheupperand

lowerSigns,where9±isdefinedby

－

9±＝伽2±U (8）

Theintroductionofahomogeneousmagneticfieldfbrx

>qimpliesamodificationofthebeamenergywithinthe

sample,i.e.Eq. (6)relates&(9)R(9¥) (cfalsoFiglc).

Theexponentiale2jq9¥ inEq. (6)arisesfromtheshifiof
therenectingsulfaceofthesamplebythedistancea(cf

Fig､ 1),andR(9)describesthereflectionfromthesample
withitssurfaceplacedatUleorigin ofthecoordinate
system.

Inthespecialcaseofasteplikemagneticfield(U(x)=

iUfbrx≧O)thequantities""gooverintotheFreSnel

coeHicientswmlelf(q)becomesunity. Furtllennore,Eq
(6)showsthatfbramagneticfieldwhichsetsinsmoothly
atx=0(somat thecorrespondingrenectionbecomes

negligible,p#L五《《 landてLR-1)thereflectioncoe伍cient

R±(9) reduces tothatofthe (shiited) sampleat the

momenmmq千．

Fig.1Sketchofthediffbrentinteractiontermsaffbcting the

neutronspecularreHectionintheproposedset-upfbroZ=+1.
a)Neutronopticalpotential;b)magnetic interaction[ﾉ(x);c)
total interaction(heavycurve)andneutronopticalpotential
(thincurve)

where

〔ﾉ(燕)=一等“湖(” (4）

Here, ト↓Jvis thenuclearmagneton,g"= -l.913 the

gyromagneticfactor,and"1"themassoftheneutron.

Theneutronopticalpotential lﾉ(x)isindependentofthe

external magnetic field. Thus specular renection

measurementsundercontrolledvariationsofthemagnetic

fieldprovideasetofreflectivitydatawmcharerelatedto

eachother, sincetheyaregeneratedbythesame (but

unknown) potential profile supemosedwithdiHerent
knownmagneticinteractions.

Inthefbllowingweuseacoordinatesystemwherethe

renectingsurfaceofthesampleisshiftedtox=qsothatthe

neutronopticalpotentialvanishesfbrx<Q(seeFig. 1a).

Thekeystoneoftheproposedprocedureistheapplication
一

ofamagneticfieldB(X)=B(X)2peIpendiculartothe

scatteringplanewhichvanishesfbrx<0andisassumed

llomogeneous(B(X)=B>0) fbr x>Qleadingtoa

constantmagneticinteractiontenn

§.3Detenninationofthecomplexreflectioncoefficient
Instandardneutronspecularreflectionmeasurements

onlythe reflectivityJ"(9)=M(9)|2canbemeasured,while
therenectionphase'(9)remainsundetermined.Here,we

exploittherelationshipbetweenR±(9)andthereflection

coeHicientR(9)fbrdiHerentmagneticinteractionsU(x)to

detennine'(9).

TnkingtheabsolutesquareofEq. (6)andreplacing9
with9±,weobtain

|'-p#(9L)R(9)e2'｡'|こ' (")

=|"(9)R(9)e2",+pf(9=)|:
(9）

")=万・′刀=等'島'"鰔冒菱。 (5）

It isseenthatthequantities"L,R, 'f,and'*arealways

takenatthecorrespondingmomenta".Wesuppressthese
argumentsinthefbllowingexpressions.

~

Formomentaintherange9-<(ノonelnustclearlyuse

onlythepolarizaUono3=+lassociatedwiththeargument

withinthesample. Inthefbllowingweconsiderneutron

beamspolarizedparallelandantiparalleltothemagnetic

fieldcorrespondingtoo3=+land-1,respectively.The

configurationissketchedinFig.libroZ=+1.
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",whichremains real (while9_ becomes imaginaly).

Equation(9)canberewrittenastheequationofacirclein

thecomplexR-plane,
（”(棚’α＜＜ (14)

Depending on the t)pe of seleclor used the

monochromaticitypart of the resolution (49/9) lies
betweenO.landlO~4orevenlower、wheretheuppervalue
referstomechanicaldevicesandtheloweronestocrvstal

monochromators.Forexample,assumingarealisticbeam
へ

monochromaticity(49'り)=10-≦olllyconfigurationswith

q<<3/""atq=0.1〃"I.'fillfllthecondition(14).Forlarger
distances a significant suppression of the phase
infiormationoccurs.

IftheKiessigoscillaUonsareaveragedoutthemeasured

reflecUvityr=(9)takesthefbnn35)

|R(9)-z±(9)|'=gf(9) (10)

withthecenterat

＋＊ ＋＊ ＋

z(9)=鰯鬼+77-pE
鬼|pil'-|"|』

e-2jo9 (11）

andtheradius

＋
一
Ｒ

ｒ
十
一
ｒ
】

て
行

r'､
皇(9)＝ (12)

|'皆|割，-|'し'： 21R(9)|'
÷ ＋

rZ頃

<''(9*)>=|"fr+ (15）

'-|割璽|R(9)|]Perfbrmingthreeexperimentsfbreachmomentum9with

thesamesamplebutdiHerentmagneUcfields,B(x),and/or

shifisofq,oneobtainsthenecessalydatatodrawthree

circlesinthecomplexR-planewiththecomplexnumber

R(9)astheirintersectionpoint・Thismethodhasalready
beenproposedbydeHaaneta1.33)fbrthespecialexample
ofahomogeneousmagneticlayerinfrontofthesample.It

isessentialfbrthismethodthattheintersectionpoint is

welldefined.Problemscanariseatlowmomenta9.1nfact
deHaaneta1.33observeadegeneracyofthethreecirclesat
low9-valuesthuslimtingthepossibilitytoextractthe

phase"9).However, as observedinRef 33 an

extrapolationfiom9(0)=-兀helpsinthisregion.

Here,thephaseinfionnationiscompletelylost

§.5Conclusions

Inthispaperwehavegeneralizedarecentproposalto
detenninethecompletecomplexreflectioncoe伍cientfbr

neutronspecular renection. Thismethodexploits the

supelpositionoftheunknownneutronopticalpotentialof
thesampleunder investigaUonwithaknownmagnetic
interaction. Onehastopelfonnthreeneutronspecular

renectionmeasurementswithpolarizedneutronsatagiven
9-valuechoosingdiHerent fieldconfiguraUons and/or

displacementsoftherenectingsurfaceofthesample・ The
methodseemsmostprolmsingfbrsu伍cientlythin(<<1

〃")magneticlayersdirectlyontopofthereflectingsurface

ofthesample. Suchaconfigurationhasbeenproposedby
deHaanetal33)0nemayalsoconsideraset-uPwitha
unifbnnmagnetic fieldwhichextendsover theentire

positivex-axis. Shiftingthesamplebydistancesofthe
orderofnanometers-whichispossibletoday-onecanscan

asingle Kiessigoscillationwithout resolvingthefUll

structureofj"=(9).OnesUllobtainsdledetailsofR(9)bythe
interSeCtionofat least threecircles. With the filll

knowledgeofR(9) theneutronopticalpotentialcanbe
evaluatedunambiguously.'''､)
Wellaveseenthatamainlilmtationofthemethodstems

fromthefiniteresolutionsoflhebeam. However, the

lengthscales involvedaresu函cientlylargetopromise
interestingapplicationsinvariousfields.

§.4RemarkSontheapplicability
Inneutronspecularreflectionmeasurementswedeal

withneutronopticalpotenUalsintherangebetween

-20･10~4nm~2andl00･10~4nm~2. Theneutronoptical
potentialofmoStmaterialsisrepulsiveandcantherefbre

not sustainaboundstatewhichwouldcomplicatethe
extractionofthepotentialfromreflectiondata. Inorderto

detenninetherenecUoncoe伍cientR(9)bytheprocedure
discussedabovethemagnetic interactionmustnotbe

negligible incomparisonwith typical strengthsyof
neutronopticalpotentials.ForexamplefbranAu-Sample
wehave"=55.3･10=Inm~2;theequivalentfieldstrengthis
B-3.4T､Usuallymuchweakermagneticfields(B-0.1-

0.3T)willsu伍cetogiverisetomeasureableeHects.Such

magneticneldscaneasilybeproducedandpresentno
obstaclefbrapplications.

Inordertoextractthephaseofthereflectioncoe伍cient
R(9) fromEqs. (10)-(12) viameasurements of the

renectivityr±(9±), theKiessigoscillationsinthelattermust
beresolved. TheseareassociatedwithUlefactore2j･9

appearingintheexpression(6),whoseabsolutesquare

yields themeasuredreflectivityノ"土 (9±). TheKiessig
oscillationshaveaperiod7t/ointhevariable9,whichmust

notbeexceededbythemomentumresolution49ofthe
neutronbeam(determinedbyitsangularresolutionand
monochromaticity),

％ （'3｝A9<<

Therefbre, thedistance@mustsatisfy
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